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ITATIOaAL  ADVISORY   COMMITTEE  POR  AERONAUTICS 

TECHNICAL  NOTE  HO.   903 

A  METHOD  FOR DETERMINING  THE   COLUMN  CURVE 

nett  TESTS  0?   COLUMNS  WITH  EQUAL RESTRAINTS 

AGAINST ROTATION ou THE SITUS 

3y  Eugene  E.   Lundquist,   Carl   A.   Rossi-ian, 

and John  C.  Houbolt 

SUMMARY 

The renults are presented of a theoretical study for the 
detoraination of the column curve fron tests of column 
specimens having ends equally restrained against rota- 
tion.  The theory of this probier, is studied and a curve 
is shown relating the fixity coefficient  c  to the 
critical load, the length of the column, and the magni- 
tude of the elastic restraint.  A method of using this 
curve for the determination of the column curve for col- 
umns vrith pin ends from tests of columns with elastically 
restrained ends is presented.  The results of the method 
as applied to a series of tests on thin—strip columns of 
stainless steel are also given. 

INTRODUCTION 

It is fairly conuor. practice f 
that a slT°n fixture or restraining 
a column provides a column fixity c 
constant for columns of different 1 
column cross sections. In reality, 
coefficient depends upon both the d 
umn and the restraint offered by th 
therefore, a uore correct procedure 
be to assume that a given fl;:ture o 
at the end of the column provides, 
fixity coefficient, a restraining s 
tion that is independent of the dim 
A method for deternining the column 

or engineers to assume 
member at the end of 
oefficient  c  that is 
engths and sizes of 
however, the fixity 
intensions of the col— 
e restraining member; 
, theoretically, would 
r restraining member 
rather than a given 
tiffness against rota— 
ensions of the column, 
curve for thin sheet 

v\ 
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material  that  le  based upon  considerations  of  the restrain- 
ing stiffness  and that   shows promise  of successful  devel- 
opment   involves mounting each  end  of  a  small   column 
specimen, in "special  end fixtures  of  the general  type  shown 
in figure 1.     Ehe  specimen with  end fixtures  attached  is 
then loaded by axially   compressing the assembly until  the 
opeciaer.  f,-.ils  by  instability as   an  ordinary  column. 

The  special  end fixtures  on   the  column  specimen  in 
figure  1  tend to produce.a  condition.approaching that   of 
completely fixed  ends.     Actually,   the  elasticity of  the 
clamxjing fixtures  and of  the  specimen does not  permit   com- 
pletely fixed ends  and,   as  a consequence,   the  column 
fixity  coefficient     o     which  is  1  for pin  ends   and 4 for 
fixed  ends,   will  be  slightly less   than 4. 

She xaethod of  analyzing test   data to  obtain  the 
column  curve for  any  thin  sheet  material,   tested  in the 
manner  described,   is presented herein.     Column   curves  that 
have been  dtermined  in  this manner  for a.series   of stain- 
less—steel   specimens  are  also presonted. 

EE33RMIHA2I0H   OF   C0LUM1T   CURVE  TOR      c 

She column  curve — that  is,  usually p 
material   is  the curve for pin—ended  column 
order  to   obtain the  column  curve  from  test 
end fixtures   shown  in  figure 1,   the value 
fixity  coefficient     c    must  be determined, 
cient     c     can  be  determined'by.  uso   of  the 
2 provided  the  length  of the  column I,   the 
critical  buckling lead  of  the  column    Fcr, 
straining  stiffness   of the  end fixture's    m 
be  the  Same'at   each   end)/ are known.     She 
figure   2   is "the  graph   of  the  equation 

lotted for  any 
s,     c • 1.     In 
s   employing the 
of  the  column 

Ihis   coeffi— 
curve  of figure 

experimental 
and  the re— 
(assumed to 

curve  shown  in 

.-•'••-»*—;•'«• '•-n'.,«/o~ tan.'( •?- So) 
.....   a . •.« .. . \ z..: • / 

which has  been determined through  consideration  of the 
stability  of a column having ends   equally restrained 
against  rotation  and  is  a special .case  of  the  general   solu- 
tion, given  by  equation  (A—13)   in   the  appendix. 

T 
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After   the value  of     c    has  been  found,   the   effective 
value  of  the.slenderness ratio    l/p    for  the fixity  eoef— 

•ficiont     c  =1     can  be  determined by use  of  the  following 
relation: 

Weff   "V W«p 

whore 

VP^ef 
effective  alendernes     ratio for     c  =  1 

actual  slenderne8s ratio  of tested  column 

and 

p        radius of gyration of column 

The column curve for pin ends is obtained by plotting 

Por/A  against 
\p/»ti 

for  the  specimens  tested,  where 

A    is  the   cross—sectional area  of  the specimen. 

EVALUATION  OF KESTHAIET     p. 

Before  the fixity  coefficient     e     can be  evaluated 
by the procedure  given   in  the  foregoing section,   the value 
of the  restraint    a     of.  each  end fixture must   be known. 
In the  case  of  the   end  fixture  of  figure  1,   the  specimen 
is   so  narrow  compared  to  the width  of  the fixture  that 
probably  only a. part   of  the fixture  is  elastically re- 
straining the rotation  of  tho  end  of  the  specimen.     It   is, 
therefore,   lifcly that  the restraint    m    depends  on the 
width  of  the  specimen  and  should  be  evaluated  for  each 
different  width.     She value  of    m    for  any  group  of  column 
specimens   of the  same  width  and  thickness  can  be  deter- 
mined from  the test   data for  the longer   specimens  of  the 
group,   boeause the   critical   conpre3sive  stress   for  these 
specimens   is  low and  lies  within  the  elastic  range where 

/ 
/ 

/ 
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the  effective modulus     33     is   equal  to Young's  modulus 
For  tliese longer  test   specimens,   all  quantities   in the 
Eulor   coluna  formula are  known  except     c.     Therefore 

TaEr 
(1) 

A 

The value  of *ar* corresponding to this value of  c may 

be found fro», the graph of figure 3; then r.  can he com- 
puted because Fcr  and I- are known.  When m has been 
determined, the evaluation of o for the columns of 
shorter lengths can be made as described in the preceding 
section. 

In order to retain the degree of accuracy required 
in computations, the curve of figure 3 should be plotted 
to an enlarged scale.  As an aid in preparing such a 
curve, a  set of coordinates of the curve is given in 
table 1. 

RESULTS or TESTS OF STAIITLESS-STEEI, COHTMNS 

Or  OH  SHEET MATERIAL 

The method for determining the   column  curve  as  de- 
scribed  in  this report has  been  applied to  eight  series — 
designated    A,  B,   C,   etc,  — of  stainless—steel   column 
specimens.     The heat   treatment  and  condition  of loading 
for   each   series  Is  given  in table  2.     The  chemical  analy- 
sis  for  each  series   is  as follows: 
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' I 

Percentage   composition 

Ohcaic.il Series 
clf-r-cnt A,   B,   C, 

and D 
£ F G  and K 

r« 71.925 72.238 1   27.009 "1 
c .08 .11 .04 
Hn   . .63 1.63 1.40 

" J> .016 .024 .014 
s .009 .008 .007 Hot 
Si .45 .46 43.00 . ' available 
Hi 8.71 7.35 10.13 
Cr 18.16 16.16 18.00 
Ou .02 .02 .02 
Ti .38 -' 

The column tests 
type of fixture shown 
loaded in a standard 
testing machine. The 
8et parallel and the 
as nearly an axial lo 
ing machine was of th 
specimens were so pos 
the plane of the sere 
of the testing machin 

were made of flat strips with the 
in figure 1.  The specimens were 

100,000-pound-oapaeity hydraulic 
heads of the testing machine were 
specimens were centered to produce 
ad condition as possible.  The test- 
e two—screw type and the column 
itioned that failure would occur in 
ws of.the machine, as the stiffness 
e is greatest in this plane. 

The values of £ were obtained from stress—Btrain 
tests-of column specimens from each series of columns 
tested.  A tensile modulus- was used in the analysis of 
several series because it was not possible to determine 
the compresslve modulus.  A summary of the values of E 
and of restraint values  m found for the different series 
is given in,table 2. ... 

,Table 3 shows the computations necessary to analyze 
series A.by the method outlined previously in this report; 
the column curve for series A is shown in figure 3.  Graphs 
of the results of the tests, in which critical stress has 
been plotted against slenderness ratio for  c = 1,  are 
shown in figures 3 to 10. 

. 

. •   / 

/ 
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im09 0? XRBOHS 117 X  OIT DEHIITED C01UMIT CÜRVX 

The application of the procedures outliiied in this 
report to the data obtained fron the tests of the.stain— 
lose—steel columns revealed, that the aocuraey of the re- 
sulting column curve depended on the choice of the value 
of 3 used in the evaluation of the restraint  a.  X 
study was therefore made to determine the effect that 
errors in B would hoVe on the final eolumn curve.  The 
results of this study revealed.that'(see fig. 11): 

1. At any value of  (l/p)eff  tna stress given by o 
derived column curve bused upon a value of E  smaller 
then the correct value „vlll be -in error' on the conserva- 
tive or low side as compared with the curve derived by 
using the correct value of 2.  Tor a given percentage 
error in 3, a low value of E will give, over the most 
practical range of  (l/p)eff,  a smaller percentage error 
in column•stress than will a.correspondingly high value 
of 1, 

2. The maximum percentage error in- stress given by 
a column curve derived by using an Incorrect value of 
X  is greater, than the percentage error in X  (see. 
fig. 11).  It is therefore important that the compression 
modulus for the material of the column specimens be ac- 
curately known if a column curve is derived by the method 
given in this report. 

3. If the correct value of S     is unknown and a com- 
monly r.ccepted value of X  is. assumed for use in the com- 
putations, the analysis should reveal the presence of any 
unreasonably large errors in this choico of X.  If the 
value of X  is too large, the derived eolumn curve; will 
lie above the Xuler curve for this value.of X  in the 
range of intermediate column lengths (see fig. 12).  If 
the value' of X used in the evaluation of - m  from the 
tost data f.or the longer specimens of the group is suffi- 
ciently los» than the oorroct value of E,  the computed 
value of the fixity coefficient, as given by equation (l), 
will be greater than 4. . '. 

T T— 
f 
\ 

V*'- 
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Consideration   of  the frregoing facts   indicates  that, 
if  the  value of    E     ic  uncertain  >ut   is   known  to  lie 
within   a small  range,   the lowest  value  in  that  range 
would  he   the  r.or.t   suitable value   to   select   for use   in   com- 
puting the  column   curve  of  the material. 

Langley Memorial  Aeronautical   Laboratory, 
National  Advisory  Committee  for Aeror.autics, 

langley Jield,  Va. ,  June  10,   l°4i. 

AFPEITE IX 

h 

THE   STABILITY   0?  A  COLUMN BAVINS ELAST ICALLY 

HESTHAI1J2D   EKES 

Timoshenko  has   obtained  the   expressions   for   the  ro- 
tations     8a     and     O^     at   the   ends   of  a member   subjected 

to   compressive  forces    P    and  end moments     Ma    and    M-Q 

( shove   in  fig.   13)   by  solving  the  differential equation 
expressing  the   equilibrium   of   the  bent  member-     These 
expressions,   given  as   equation  (25)   on page  13 of refer- 
ence  1,  are:                                              . 

where 

KaL6       H-pLS 

S2l 6ll 

HvLß        M.LT 
»D  - -4—  +  -4- 

3EI 6EI 

T u \«ln  3u       2u/ 

yv 2u\2u       tan   2u/ 

kl 

(A-l) 

U-2) 

(A-3) 

(A-4) 

(A-5) 

1 

•7—* 

w 
/ 

' i 
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k -    /^r 
£1 

(A-6) 

In the foregoing equations the symbols have the 
following meanings: 

eai ab   rotations of the tangents to deflection curve 
at the left ana right ends, respectively, of 
the member; positive as shown in figure 13 

-•a> '»'"o   applied moments at the left and rir'''.t ends, 
respectively, of the member as shown in fig- 
ure 13 

I length of the member 

I effective modulus of elasticity 

X moment of inertia of the column cross section 

P axial load acting on the member 

If the moments  Ma and ab  in equations (A—l) and 
(A—2) arise as a result of rotation of the restraining 
elements that oppose the deflection of the Member when it 
bends and if, in addition, the restraining moments are 
proportional to the rotations of the restraining elements, 
respectively, the end moments acting on the member can be 
written 

1ID • -m0 9-b 

(A-7) 

(A-8) 

where  ma  and mD  are the moments necessary to rotate 
the restraining elements at the left and right ends of the 
column, respectively, through one radian. 

Substitution of these values of 
equations (A-l) and (A-2) gives 

M. 

('•*>••(£)•*-* 

and  MD  in 

(A-9) 

t 

9 
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whero 

eb " 

»> 

maL 

(A-10) 

(A-ll) 

(A-12) 

M 

The quantities <a  and £D aro the "restraint coeffi- 
cient" .it the left and right ends, respectively, of the 
compression member. 

Equations (A—9) and (A—10) are linear simultaneous 
equations which can be satisfied by taking  Ba = 9b = 0. 
The deflection at each point on the member is then zero 
and the straight form of .equilibrium of the nonber is ob- 
tained.  The buckled form of equilibrium of the member 
becomes possible only if equations (A—9) and (A—1C) 
yield for  0a and  8b  solutions different from zero, 
which requires that the determinant of these equations 
becone zero, or 

The value of  P  that satisfies this equation for neutral 
stability of a member elastically restrained against ro- 
tation at each end is the critical load ?cr. 

When the restraints at the ends of the column are 
equal,  mt mD and 
equation (A—13) reduces to 

(•*.* •)'-(* 

SOT  this case 

(A-14) 

This equation cannot be solved directly for  PCri  the 
critical value of the load P,  because  P  occurs in 

& 
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transcendental expressions F  and  0.  If F  Is regarded 
as known, however, equation (A—14) yields as solutions 
for  £  two values 

I 
6 

(A-15) 

e = -1 
|  a 
6   3 

(A-16) 

which describe two mathematically possible Duckling con- 
figurations.  She buckled shape that corresponds to each 
of theeo equations nay be obtained by' substituting the 
value of  e. in either equation (A—9) or equation (A—10). 
Froa this substitution of £ as given by equation (A—15) 
it is found that  8a = —80,  which by the aid of equa- 
tions (A—7) and (A— 8) shows that  IIa = —H-p.  This type of 
buckling is represented by the bent member of figure 14(a). 
Similarly, by substitution of the value of  £  as given 
by. equation (A—16) in either equation (A—9) or (A—10), it is 
found that  fla = 9t,,  which again by the aid of equations 
(A—7) and (A—8) shows that  Ma = H^.  This type of buck- 
ling is illustrated by figure 14(b). 

5ho type of buckling-shown in-figure' 14( b) will occur 
at a lover load than the type shown in figure 14(a) be- 
cause of the longer wave length involved.  A column with 
equal elastic restraints resisting rotation at its ends 
will therefore adopt the buckling configuration shown in 
figure 14(b) at a load F = For  that satisfies equation (A-16). 

When the values of F and  0 as, given by equations 
(A—S) and (A—4) are substituted in equation (A—16), the 
following relation is obtained: 

_2u 

tan 2u 
(A-17) 

Fron equations (A—5) and (A—6) 

.? 
vV 

A 
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2 u = /==-  L (A-18) 

By use of the relationship expressed by the Euler column 
formula, -. 

,     CTT'E! 
or - L» 

equation (A—18)   becomes 

2u  •   TTV^~ 

Equation (A—17) may therefore be expressed as 

tan 

(A-19-) 

(A-20) 

(A-21) 

This expression for the elastic restraint at the ends of 
a column in terms of the fixity coefficient is shown 
graphically in figure 15 in order to show that the varia- 
tion in V-° fixity coefficient is small when the restraint 
is largo. 

If the equations (A—ll) or (A—13), which define  c, 
aro solved for  Sl/l  when na = aD = n  and this value 
is substituted in equation (A—19), the Euler column 
formula can be written 

_ en  m. (A-22) 

Substitution  of  the value  of     e     as  given  by  equation 
(A—21)   in  equation  (A—23)   gives 

mnt/c   tanl | Jaj 

Multiplication of  both  sides   of  this  equation by    l/m 
results   la  the  equation 

/ 
\ v 
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= -ni/c tan (T^ (A-23) 

Equation (A— 23) relates the fixity coefficient  c  to the 
critical load, the length of the column, and the magnitude 
of the elastic restraint.  This equation is represented 
graphically in figure 2. 

REFERENCE 

1. Tiiaoshenko, S.:  Theory of Elastic Stability.  Mc&raw— 
Hill Book Co., Inc., 1936. 
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TABLE.1.- VALUES   OF AND   CORHESroiTDINtt VALUES   OT 

FcrL 

1.00 
1.10 
1.20 
1.I50 
1.40 
1.50 
1.60 
1.70 
1.30 
1.84 
1.83 
1.92 
1.96 
2. CO 
3 a Si 
s.oe 
3.12 
2.16 
2.20 
2.24 
2.28 
2.32 
3. 36 
2.40 
2.44 
2.48 
2 53 
2.56 
2.60 
2.64 

42.8911 
23.7311 
i_fi t 0036 
13.6873 
10.4425 
8.9920 
7.9206 
7.0853 
6.7S803 
6.53224 
6.28489 
6.05359 
5.83651 
<J .63180 
5.43821 
5.25432 
5.070 20 
4.91177 
4.75145 
4.59737 
4.44916 
4.30597 
4.16748 
4.03316 
3.90273 
3.77577 
3.65200 
3.53117 
3.41288 

2.6B 
2.72 
2.76 
2.80 
2.84 
2.88 
2.92 
2.96 
3.00 
3.04 
3.08 
3.13 
3.16 
3.20 
3.24 
3.28 
3.32 
3.36 
3.40 
3.42 
3.44 
3 .4u 
3.48 
3.50 
3.52 
3.54 
3.56 
3.58 
3.60 
3.62 

3.29718 
3.18358 
3.07200 
2.95222 
p.85430 
2.74758 
2.64347 
2.53852 
2.43581 
3.33406 

2.13326 
3.03401 
1.93544 
1.33740 
1.72380 
1.64271 
1.54594 
1.449 46 
1.40135 
1.35336 
i.äOäia 
1,25712 
1.20918 
1.1Q117 
1.11321 
1.06025 
1.01731 

.96936 

.92144 

3.64 
3.65 
3.ea 
3.70 
3.72 
3.74 
3.76 
3.78 
3.30 
3.81 
0.53 
3.63 
3.34 
3.85 
3.86 
3.87 
3.88 
3.89 
3.90 
3.91 
3.92 
3.93 
3.94 
3.95 
3.96 
3.97 
3.98 
3.99 
4.00 

0.87343 
.83544 
.77740 
.72930 
.68130 
.63301 
.58486 
.53658 
.48816 
.46401 
.43979 
.41554 
.39128 
.36704 
.34259 
.51839 
.39406 
.26966 
.34534 
.23095 
.19645 
.1720? 
.14753 
.12304 
.098491 
.073e21 
• C49.T43 
.024617 
.OOOCOO 
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\\ Vigors 1.- Col-umn and end fixtures assembly. 
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P. figure 11.- Relative errors in column curves obtained by 

using different values of E in analysing series 
G of the stainless-steel column tests. 
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JifTiro 12.- Comparison of derived column curve with Euler 
curve for different values Of X. Series ft of 

the etainleBs-steel column teats. 
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Figure 13.- Bending of a compressed liar with couples 
on the ends. (From reference 1.) 

(a) «a = - llb 

Figure 14.- Buckling configurations of a compressed 
bar with elastically restrained ends. 
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